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Calculation of the field-emission current from a surface
using the Bardeen transfer Hamiltonian method
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We have developed a method for calculating the field-emission current from a clean or adsorbate-covered
metal surface using the transfer Hamiltonian method of Bardeen. The present formalism can be incorporated in
accurate atomistic electronic structure methods, and so is capable of addressing system specific band structure
effects, adsorbate-induced resonances, and is amenable to accurate treatments of the exchange-correlation
potential close to as well as far from the metal surface. It therefore goes beyond the conventional Fowler-
Nordheim treatment of field emission from a metal surface. We illustrate the utility of our method by calcu-
lating the field-emission current from a model jellium surface, using a local-density approximation exchange-
correlation potential, modified to include the correct/4x asymptotic behavior in the vacuum region. We find
that the Fowler-Nordheim behavior can be recovered in the limit of low fields; in the limit of high fields, where
the details of the self-consistent effective potential in the neighborhood of the surface become important,
meaningful deviations from the Fowler-Nordheim current result.

[. INTRODUCTION electron gas moving in a neutralizing uniform positive back-
ground, while at the surface, although the positive back-
The field-assisted emission of electrons from a metal surground is rigid, the electrons are allowed to relax and leak
face is well described by the Fowler-NordheiRN) theory,1 out into the vacuum in order to minimize their kinetic
which is based on the free-electron theory of metals. Withirenergy> The jellium model provides us with a simple situa-
this theory, the potential energy of an electron on the vacuuron wherein the present method can be used to recover re-
side of the metal-vacuum interfa¢measured relative to the Sults already known in certain limiting casésiz., the
bottom of the conduction bahds approximated byEg+ ¢ Fowler-Nor_dhelm descr|pt_|0n in th_e I_ow-fleld limit The
— e?/4x—eFx, where the four terms are the Fermi energy, Wave functions a_nd potent_|al of the JeI_I|_um system are deter-
the work function, theclassicalimage potential, and the po- mined self-consistently using a modified version of the

. i o local-density approximatidn (LDA) within density-
te_ntlal due to an t_external electric field, respectivatys tr_1e functional theory (DFT). Although LDA has been widely
distance perpendicular to the surface on the vacuum side,

: . S and successfully used in treating many bulk and surface
the electronic charge a}nE IS the_electrlc field. The FN _ propertie$ it has the incorrect asymptotic behavior of expo-
theory leads to a very simple relationship between the em%

: . X ic field. i ential decayrather than the correet 1/4x image behavior
sion current density and the applied electric field, in terms o utside of a surface in the vacuum regfoHence, we use a

just the work function of the metal surfqée. modification suggested earlier by Seratal® in which the

The above expression for the potential “seen” by an €s| pao potential inside the metal is interpolated smoothly
caping electron is, however, valid only asymptoticaltgr  (henceforth referred to as ILDAo the classical image po-
x>3 A or so. The detailed shape of the barrier far tential outside in the vacuum region. Thus, electron-electron
<3 A depends on the metal surface under consideration, ansbrrelations close to the surface are treated more realistically
is not well represented in the FN treatmér@alculation of  here than in the FN treatment, which, as we had mentioned
the field-emission current using an accurate electronic struearlier, accounts correctly only for the correlations far from
ture method with proper treatment of the exchangethe surface.
correlation interaction not only remedies this problem, but Although the ILDA is constructed in aad hocmanner,
also incorporates system and surface specific band-structuvee note that it is adequate for the illustration of the utility of
effects(which are absent in the FN treatmgrih the present the BTH method we are attempting here. Besides, the ILDA
study, we derive an expression for the field emission currenfunctional is easy to implement. For these reasons, we prefer
using the Bardeen transfer HamiltoniéBiTH) method® ap-  the ILDA to other more sophisticated exchange-correlation
plicable to electronic structure treatments of the metal surfunctionals(e.g., the weighted-density approximati®nthat
face. The advantage of using the BTH formaligas op- naturally have the correct asymptotic behavior. It is worth
posed to the calculation of the tunneling current usingmentioning that the present work is a first step towards a
intensive scattering-theoretic technigbés that just thesta-  quantitative study of field emission from surfaces covered
tionary statesof the isolated field-freeemitting system can with adsorbates or coatings, or even nonplanar surfaces; we
be used to calculate the field-emission current. emphasize, though, that such quantitative studies require re-

As an illustrative example, we use the BTH method toalistic treatment of surfaces, using atomistic electronic struc-
calculate the field-emission current from a jellium surface. Inture methods and exchange-correlation potentials more so-
the jellium model, the bulk solid is represented by a uniformphisticated than ILDA.
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This paper is organized as follows. In the next section, wébe adjusted to ensure near continuity of the derivatives of
derive an expression for the field-emission current using the;(x) and ¢,(x). C; is thus given by
BTH formalism in terms of jellium wave functions, eigen
values, and the self-consistent effective one-electron poten: %
tial, and generalize it for use within atomistic pIane-wF;ve-2¢'(X')|(2m/h2)[veff(x')_eFX'_6']|1/4exl< Lll |K'|dx)'
based electronic structure methods. Our results for a model
jellium system are presented and discussed in Sec. Ill, anfihe exponential term can be neglected if the distaxice
we conclude with a brief summary. Details about the jellium— X, is chosen to be much smaller than the exponential decay
calculations specific to the present implementation are givetength.
in the Appendix. The tunneling current is then given by

IIl. BARDEEN TRANSFER HAMILTONIAN METHOD FOR

1= 2T S ML P —E 2
CALCULATING THE FIELD-EMISSION CURRENT T A LR' Lrl“(EL~Er), 2

Within the BTH formalisrn?: the left-hand Sidécathodé! with MLR being the tunne”ng mautrix e|ement,
and right-hand siddanode systems are considered sepa-
rately and the eigenfunctions and eigenvalues determined. %2 J
The tunneling current from the left to right is then calculated Mir=5- dydz(‘l’f(X,y,Z)g‘I’R(X,y,Z)
using information about both the right- and left-hand side e
systems in the barrier region. We now derive an explicit d
expression for the tunneling or field-emission current assum- —‘I’R(X%Z)&‘I’E(X,y,z))
ing that the left-hand side system is modeled as a jellium
slab. We then generalize our result for use in plane-wave- d
based atomistic electronic structure methods. - ﬁ( $h(X) o= i (X)

The wave functions and the energy eigenvalues of the
left-hand side jellium system are determined in the absence d
of an electric field, as described in the Appendix. The exten- — (%) 5¢|(x)) Ok KRG B )
sion of the wave functions into the barrier region in the pres- x=x
ence of an electric field is obtained by using the WKB ap-The integral in the first equation is performed along any
proximation. The right-hand side system in the case of fielthjane x=x entirely in the classically forbidden barrier re-

emission is composed of electrqns that _ have tU’?”e|96ion. Note that bothy,(x) and, (x) are required only in the
through the barrier. The wave functions of this system in the, 5 rier region.

barrier region are also determined using the WKB approxi- - gypstitutingM 5 into the expression for the total current
mation. Assuming that the jellium surface norntahd the yields

electron emission directigrare along thex axis, the left- and

ﬁZ

right-hand side wave function®] r(x,y,z), can be written Ame 52 9
as ¢y (x)e' (5 YD (L and R index the left- and right- =522 m('ﬂl(x)&—xlﬁr(X)
hand side systems, i.e,={l k’,ki} and R={r k% k%), kyke
wherek;R and k. " are the wave vectors along tiyeandz p 2
directions. The left- and right-hand side eigenvallgsg —l//r(X)a—Xlﬁl(X)) «\ o(e—€)
may be written as; ,+ (k;F)?+ (k;F)?, wheree , are the X=x
“normal” energies. We then have the following expression Ae h2 J
for 4, ,(x) in the barrier region within the WKB =7 > 2 f de 0, () ﬁ( (%) = (%)
approximation'! ' kgky
C x J ?
lﬂ|’r(X):%|K|‘r|_llzeX% a|’rJX |K|’r|dX s (1) _wr(x)&lpl(x))x_;\ 5(€|_Er)- (4)
1,r -

where x| = \(2m/A?)[ve(X)—eFx—¢ ], m and e are  Noting that
the electron mass and charge, respectivély; h/(27),
whereh is Planck’s constant¢s1(X) is the effective poten- d Cir X
tial “seen” by an electronF is the electric fielda,=—1 &‘/",r(x):TeXp( a'vffx |K|Y,|dx)
anda,=+1, andx, , are the € -dependentturning points "
of ves(X). Cy, are normalization constants, which for the 2m(eF 1 dve(X) e
right-hand side system is expressed in terms of its density of + ?(T 2 T) | c1,v] .
states’! 6,(e,), i.e.,C,=\(2m/%?)/[76,(e€,)]. C, is deter-
mined by matchingy;(x) to the jellium wave function, the expression for the total current can be simplified to
#1(x), at a suitable poinsay, /), typically about 1 a.u. to
the right of the turning poink, . This procedure is warranted Arre #2 C|2 X
( —ex;{—zj |K||dX). (6)
T (LL 4 X

al,r|KI,r|1/2

by the fact that the WKB approximation breaks down at the = o
immediate neighborhood of the turning point, and thfatan

2m
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Due to the cylindrical symmetry of the jellium problem, and 0.2 . .
sinceky andk, form a continuum, the sum ovég, andk;
can be converted to an integration of the form
2 2_ 2
e f d¢f‘/kF 2me 182} 1
kLkL (27T)2 0 0 'GUJT
y'z o
5
o I
=1 (Ep—e)(2m/h?), H
>
where o is the cross-sectional area, aig is the Fermi
energy. Finally, the field-emission current density,
(=1/0a), is given by
e 2 Xr
J:mzl (EF_E|)C| eXF<_2fX| |K||dX). (7) _0'1_20 10 0 10 20

x (a.u.)

| The preS(ta)nt n&ethOd.an tl)e mcqrporated in trﬁdltlonal FIG. 1. Total self-consistent LDAdashed lingand ILDA (solid
plane-wave-based atomistic electronic structure schemes Flﬂe) effective potentials relative to their bulk values as a function

calculate fleld—emlss[on currents from su'rfaces. In'sucfbf distance from the surface:>0 andx<0 represent vacuum and
cases, the left-hand side system wave functions are written ijjjum, respectively. The classical image potential and the step po-
a Laue representation¥ (r)=e'l"IZ GHe'GH‘rII¢|k”G”(x), tential at the surface are represented by dotted and dot-dashed lines,
where nowL={l,k;}, with k| being ak point in the first  respectively.

surface Brillouin zoner represents a vector in the plane,

andG; is a two-dimensional2D) reciprocal-lattice vector in ~ present work thus paves the way for a quantitative study of
the yz plane. This form of¥, (r) when used in the BTH the field-emission current from adsorbates, coatings, and ox-

formalism results in the total current ides, and is a first step towards a study of nonplanar surfaces
(such as Spindt tips and nanoprotrusions
4me 52 C|2|<Ho % As an aside, we point out that the FN expresifam the
= o Z E (2—) 2 exp( —ZJ |K|ko|dX>, (8) current density can be recovered from the jellium BTH ex-
Tk \em) 4 X pressior{Eq. (7)] derived above. Within the free-electron gas
where now, model, which underlies the FN treatment,C,
=\J(2m/h?)I[76,(¢)]. After converting the sum over the
CIkHOZZd’lkHO(XI)|(2m/ﬁ2)[vo(xl)_FXI_elkH:”lM left-hand side system to an integratiof=,{---}

—[gFde6i(){---}1, and replacing the jellium effective
potential by the one used in the FN treatment,

em E Xr
JFN= JF(EF—e)exp(—zf |KFN|dX)de, 9)
X

andv(x) is the Gj=0 component of the 2D Fourier trans- 2m%h3J)o
form of the effective potential. In this expression, we have
assumed that the corrugation of the potential and the wavéherex™=(2m/%%)(E+ #—e’/4x—eFx—e). It can be
functions along the z plane can be neglected on the scale ofshown that the above expression 8" results precisely in

the barrier width(the former is of the order of angstroms, the FN expression when the appropriate approximations are
and the latter, for fields in typical field-emission experi- made!

ments, is of the order of tens of angstronisis worth men-

with € =E( — A 2kf/2m,

Kik 0= V@2MIA%)[vo(X) — eFx— € s

tioning that the local band-structure effe¢ts the local den- IIl. RESULTS AND DISCUSSION
sity of states informationare introduced in the current ] o )
through the energy spectrum, and the summation vkus, We consider as a model system a jellium surface with an

effects due to adsorbates on surfaces—such as resongerage density correspondingrie=5.0 (rs is defined as the
tunneling—will be captured within this treatment, provided average radius of an electron, asrzgp/3= 1, wherep is the

X, is chosen to be to the right of the adsorb@tet just to the average valence electron density of the bulk mefat com-
right of the metal surfage Although in the clean metal or parison, we mention that K, Rb, and Cs hawevalues of
jellium cases, we could assume that the electric field does ne@t.96, 5.23, and 5.63, respectivélyn Fig. 1, we show the
perturb the left-hand side system wave functions and eigerself-consistent LDA and ILDA effective potentials in the
values, this may not be a valid assumption for adsorbatereighborhood of the surface of the slab, whose long-range
covered metal surfacdsglue to field penetration through the behavior is dominated by the exchange-correlation potential.
adsorbatg In such cases, the perturbed left-hand side wavéor comparison, we also show the step potential at the sur-
functions(at x;) and eigenvalues can be obtained from theirface, and the classical image potential whose form is given
unperturbed counterparts using first-order perturbatioly 1/4(X—Ximagd- Ximage Was calculated earligr self-
theory with the electric field treated as a perturbation. Theconsistently as the centroid of a small amount of excess
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of the effective potential becomes relatively unimportant
compared to its behavior close to the surfasbere the FN
treatment breaks down, and the LDA and ILDA potentials
coalesce

IV. SUMMARY

A crucial outcome of this work is the development of a
method, using the Bardeen transfer Hamiltonian formalism,
to calculate the field-emission current from planar surfaces.

This method can be directly incorporated in large-scale ato-
- - mistic electronic structure methods, as it requires only the
~.C knowledge of the field-free self-consistent potential in the
T vacuum region, the energy spectrum and the value of the
L wave functions at the turning point of the potential outside
the surface, all of which are available from standard elec-
tronic structure calculational schemes. Using a realistic
exchange-correlation potentigk.g., the weighted-density
approximation that possesses the correct asymptotic behav-
ior in such electronic calculations will yield results more
FIG. 2. Fowler-Nordheim plot of the current densities calculatedquantitative than those obtained using the Fowler-Nordheim
using the jellium model with LDA(diamond$ and ILDA (circles formula(which cannot describe local electronic structure and
exchange-correlation potentials. Dot-dashed and dotted lines repredsorbate-induced resonant effecithe present work is the
sent results obtained using the Fowler-Nordheim equation withoufirst step towards a quantitative study of the field-emission
and with image potential, respectively. Inset shows the same plagurrent from nonplanar structures such as Spindt tips and
for low fields. nanoprotrusions.
We have used a model jellium surface as a test system in

charge added to the system; for a system Wjth5.0, Ximage . . :
was found to be 1.08 al3.The LDA potential has a rapid this study. .Our results for this test.system can be sum_me}rlzed
as follows: the calculated tunneling current for the jellium

decay following the exponential decay of the electronic den- ystem is bounded by the FN results obtained assuming just

sity. The ILDA potential, on the other hand, has the correc he step potential at the surface, and a classical image poten-
asymptotic behavior, and recovers the LDA result inside the. PP ’ 9e p

jellium. Clearly, the classical image potential assumed in th 'r?; I'gltl’jilSr(:“:unrrfntthae Stﬁ,gcpr?éznt?,ael'%;"Emrgzltem é?;vn{'ig:ds
FN treatment is quite inadequate in regions close to the sur- ! . pp 9€ po
urrent as details of the form of the actual potential close to

face. In the vacuum region, both the self-consistent LDA an he surface become unimportant due to the laraeness of the
ILDA effective potentials are bounded by the classical image%{ b g

potential and the step potential. It can thus be anticipated th arrier. In the limit of high fields, the_jelligm current devia_tes
both the LDA and ILDA tunneling currents will be some- d_ecre_asesfrom the FN value, as in th|s_ limit the _bamer

where between the FN currents calculated with and withou idth is small, and the f(_er of the effective potential close
the image potential. Furthermore, it can also be expected th ? the surface becomes important.

the current calculated using the ILDA potential will be be-
tween that calculated using the LDA potential and FN cur-
rent calculated using the image potential.

: : . _ Our model jellium system is constructed slightly differ-
The actual calculation of the tunneling current density us ently compared to the original Lang-KolihK) treatmenf

ing the BTH formalism confirm these expectations. Figure x> , S .
shows the calculated current density as a function of field izri%m:irotqgijisg t\r/]viyhzsg :Sslzgn;qa?ér;;;beﬁgfggmg

a typical Fowler-Nordheim plot. For comparison, we also - . : :
yp P P at the origin. Thus, our jellium slab is symmetric about

show the FN results with and without the image potential;_0 4 th itive back df ¢ .
these curves were generated using the FN equatiorthe . and the positive background for our system(x), is

In(J/F?) (J in Amps/cm®)

4 6 8 10
1/F (Angstroms/Volt)

-15
2

APPENDIX: JELLIUM CALCULATION

calculated jellium work function of 2.74 eMhe work func- given by

tion is defined a® ;1) — E¢].*® Two interesting points are _

worth mentioning(i) in the limit of low fields(shown as the p, |x[=d2

inset in Fig. 2, the ILDA current approaches the FN result p+(X)= 0. |x|>di2, (A1)

with image potential; this is clearly understandable since at
low fields, the barrier width is so large that details of the

fhﬁECt'Ye p?telgtlaltrfloieDE the Sl*'trfg‘ce t_Jtec_orr|1e lrreiﬁ(/ahtth electrons per Wigner-Seitz cell/volume of a Wigner-Seitz
ese low fields, the current density is lower than the (o "oc oy ctom.

ILDA current density because the LDA barrier approaches For this model system, the wave functions and energies
the vacuum level more rapidly (i) in the limit of high are given by '

fields, significant deviations of the ILDA current towards the
LDA result and away from the FN current can be seen; this is
again reasonable since at high fields, the asymptotic behavior

where;is the average electron densityumber of valence

Wik, i, (X:Y,2)= pr(x)e byt (A2)
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Ek,ky,kz(x,y,z)zek+ﬁ2(k§+ k2)/2m. (A3)  sity by Er=k2/2=(37%p)"32, andk is the bulk Fermi
. . S wave vector.
Since our model system is a slab finite in theirection, the In treating the exchange-correlation interaction between

energiesey do not form a continuum, unlike in the LK treat- electrons, we have used both the widely used local-density
ment. €, and the associate@,(x) are determined by self- approximation(LDA) with the Wigner form for the correla-
consistently solving the following set of Hohenberg-Kohn-tion potential and a functional form proposed by Serena
Sham equationén Hartree atomic unijs et al. ILDA).° LDA does not have the correct asymptotic
behavior in the vacuum region, where it has an exponential
2 decay rather than the correetl/4x behavior. The ILDA
~573 +vet(p(X)) | Pr(X) = €i(X), (A4) form corrects this error self-consistently; it recovers the LDA
2 result in the bulk region, and smoothly interpolates it outside
the image plane to the classical M4{Xna4d iMage poten-
_ T T " tial, X;magqe being the location of the image plane which, in
verr(p(X))= 477L dx L,dx [P(X)=p+(x")] general,gdoes not coincide with the physical surface of the
metal® It should thus be noted that ILDA doemt improve
+ tyc(p(X)+AD, (A5)  the LDA in the bulk and surface regions, but just comple-
ments it by including the image potential more realistically
1 in the vacuum region.
p(X)=— > (Ee—ed|du(x)|?, (A6) The set of Hohenberg-Kohn-Sham equations are solved in
k=<kp . . . - .
the following manner. A trial charge density distribution, as
where p(x) is the electronic density and,(p(x)) is the  Proposed by Perdewt al.'* is chosen. The kinetic energy
effective potential. The effective potential is composed of theerm in the Hamiltonian is discretized using a three-point
electrostatic(first term and exchange-correlatiofsecond finite difference formula, periodic boundary conditions are
term) contributions. The last term ings((p(X)), imposed, and the peridd of the system is taken sufficiently
large compared to the slab thicknesso that the effective
S . , — potential has enough room to flatten out. The resulting
A¢:47J0 dx Jx,dx [p(X") = p+(X")] = txe(p), Hamiltonian matrix is tridiagonal in real space and can be
(A7)  diagonalized efficiently® A direct inversion of iterative sub-
space(DIIS) procedurd® was used to mix the new charge
is included so thab.¢¢(p(X)) is zero atx=0; this way, all  density with the earlier ones providing a stable and fast con-
allowed energies in the bulk region are positi#: is the  vergence to the self-consistent result. A slab of thickness 420
bulk Fermi energy given in terms of the average charge dera.u. was used in this study.
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